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• ii Pi

• oi Pi

•



tell(c) c

• when cdoP c P

• localx inP P x

• nextP P

• unless cnextP c P

• P ‖ Q P Q



• tell(c) c

when cdoP c P

• localx inP P x

• nextP P

• unless cnextP c P

• P ‖ Q P Q



• tell(c) c

• when cdoP c P

localx inP P x

• nextP P

• unless cnextP c P

• P ‖ Q P Q



• tell(c) c

• when cdoP c P

• localx inP P x

nextP P

• unless cnextP c P

• P ‖ Q P Q



• tell(c) c

• when cdoP c P

• localx inP P x

• nextP P

unless cnextP c P

• P ‖ Q P Q



• tell(c) c

• when cdoP c P

• localx inP P x

• nextP P

• unless cnextP c P

P ‖ Q P Q



∑
i∈I when ci doPi Pi ci

• !P P

• !P P

• nextP P

• unless cnextP c P

• P ‖ Q P Q



•
∑

i∈I when ci doPi Pi ci

!P P

• !P P

• nextP P

• unless cnextP c P

• P ‖ Q P Q



•
∑

i∈I when ci doPi Pi ci

• !P P

!P P

• nextP P

• unless cnextP c P

• P ‖ Q P Q



•
abort = ! (tell( ))

•
P |Q = (!P ‖ Q) + (P ‖ !Q)

•
![t,t′]P =

∏
t≤i≤t′ nextiP

•
![t,t′]P =

∑
t≤i≤t′ nextiP



!(unless ( = )next ! tell( = ))

"

!(unless ( = )next ![0,60] tell( = ))

"

!(unless ( = )next tell( = ))



!(unless ( = )next ![0,60] tell( = ))

"

!(unless ( = )next tell( = ))



!(unless ( = )next tell( = ))



RT 〈tell(c), a〉 −→ 〈skip, a ∧ c〉 RG
a ) cj˙P

i∈I when ci do Pi, a
¸
−→ 〈Pj, a〉

RB 〈! P, a〉 −→ 〈P ‖ next ! P, a〉 RS 〈! P, a〉 −→ 〈nextnP, a〉
(n≥0)

•

RO
〈P, a〉 −→∗ ˙

Q, a′¸ -−→

P
(a,a′)

====⇒ F(Q). .=

8
>>><

>>>:

Q′ Q = next Q′

Q′ Q = unless (c) next Q′

F(Q1) ‖ F(Q2) Q = Q1 ‖ Q2
local x in F(Q′) Q = local x in Q′

skip



•

RT 〈tell(c), a〉 −→ 〈skip, a ∧ c〉 RG
a ) cj˙P

i∈I when ci do Pi, a
¸
−→ 〈Pj, a〉

RB 〈! P, a〉 −→ 〈P ‖ next ! P, a〉 RS 〈! P, a〉 −→ 〈nextnP, a〉
(n≥0)

RO
〈P, a〉 −→∗ ˙

Q, a′¸ -−→

P
(a,a′)

====⇒ F(Q). .=

8
>>><

>>>:

Q′ Q = next Q′

Q′ Q = unless (c) next Q′

F(Q1) ‖ F(Q2) Q = Q1 ‖ Q2
local x in F(Q′) Q = local x in Q′

skip



P = P1
(c1,c′1)====⇒ P2

(c2,c′2)====⇒ P3
(c3,c′3)====⇒ . . .

P
(α,α′)

====⇒ω α = c1.c2 . . . α′ = c′1.c
′
2 . . .

io(P ) = {(α,α′) |P (α,α′)
====⇒ω}

o(P ) = {α′ |P ( ω,α′)
====⇒ ω}

sp(P ) = {α′ |P ( ,α′)
====⇒ω}



[[ tell(a) ]] = {c · α ∈ Cω : c ) a, }

[[ P ‖ Q ]] = [[ P ]] ∩ [[ Q ]]

[[ !P ]] = {α : β ∈ C∗, α′ ∈ Cω : α = β.α′ α′ ∈ [[ P ]]}

[[ !P ]] = {β.α : β ∈ C∗, α ∈ [[ P ]]}

[[
P

i∈I when (ai) do Pi ]] =
S

i∈I{c · α : c ) ai c · α ∈ [[ Pi ]])∪
(
T

i∈I{c · α : c -) ai , α ∈ Cω})

P

sp(P ) ⊆ [[ P ]] P sp(P ) = [[ P ]]
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•



A := c |A ∧ A | ¬A | ∃xA | ◦A | ♦A |!A

• c c
• !A A
• ♦A A
• ◦A A



A := c |A ∧ A | ¬A | ∃xA | ◦A | ♦A |!A

c c
• !A A
• ♦A A
• ◦A A



A := c |A ∧ A | ¬A | ∃xA | ◦A | ♦A |!A

• c c
!A A

• ♦A A
• ◦A A



A := c |A ∧ A | ¬A | ∃xA | ◦A | ♦A |!A

• c c
• !A A
♦A A

• ◦A A



A := c |A ∧ A | ¬A | ∃xA | ◦A | ♦A |!A

• c c
• !A A
• ♦A A
◦A A



A := c |A ∧ A | ¬A | ∃xA | ◦A | ♦A |!A

• c c
• !A A
• ♦A A
• ◦A A

α = c1.c2. . . . |= A 〈α, 1〉 |= A
〈α, i〉 |= c ci ) c
〈α, i〉 |= ¬A 〈α, i〉 -|= A
〈α, i〉 |= A1 ∧ A2 〈α, i〉 |= A1 〈α, i〉 |= A2

〈α, i〉 |= ◦A 〈α, i + 1〉 |= A
〈α, i〉 |= !A j ≥ i 〈α, j〉 |= A
〈α, i〉 |= ♦A j ≥ i 〈α, j〉 |= A
〈α, i〉 |= ∃xA α′ x α 〈α′, i〉 |= A.



A := c |A ∧ A | ¬A | ∃xA | ◦A | ♦A |!A

• c c
• !A A
• ♦A A
• ◦A A

α = (x > 1).(x > 2).(x > 3). . . . α |= ♦x > 42



A := c |A ∧ A | ¬A | ∃xA | ◦A | ♦A |!A

• c c
• !A A
• ♦A A
• ◦A A

• α = (x > 1).(x > 2).(x > 3). . . . α |= ♦x > 42

!(A ∨ B) ⇔!A ∨ !B



A := c |A ∧ A | ¬A | ∃xA | ◦A | ♦A |!A

• c c
• !A A
• ♦A A
• ◦A A

• α = (x > 1).(x > 2).(x > 3). . . . α |= ♦x > 42

• !(A ∨ B) ⇔!A ∨ !B

!♦A ⇔♦!A



P A P |= A, P A

• !(unless ( ) next ! tell( )) |= ♦( )

•!(when ( ) do tell( )) |= ! ⇒̇ !



P A P |= A, P A

• !(unless ( ) next ! tell( )) |= ♦( )

•!(when ( ) do tell( )) |= ! ⇒̇ !



P A P |= A, P A

!(unless ( ) next ! tell( )) |= ♦( )

•!(when ( ) do tell( )) |= ! ⇒̇ !



P A P |= A, P A

• !(unless ( ) next ! tell( )) |= ♦( )

!(when ( ) do tell( )) |= ! ⇒̇ !



P A P |= A, P A

• !(unless ( ) next ! tell( )) |= ♦( )

•!(when ( ) do tell( )) |= ! ⇒̇ !

P |= A



P |= A

tell(c) ) c ( )

P ) A Q ) B
P ‖ Q ) A ∧ B

( ) P ) A
local x in P ) ∃xA

( )

P ) A

next P )◦A
( )

P ) A
!P ) !A

( ) P ) A
!P ) ♦A

( )

∀i ∈ I Pi ) AiP
i∈I when ci do Pi )

W
i∈I(ci ∧ Ai) ∨

V
i∈I ¬ci

( )

P ) A A ⇒ B
P ) B

( )

P

P |= A P ! A



P |= A

P |= A



P |= A

P |= A



P |= A

P |= A

P A
P |= A



P |= A

P |= A

P A
P |= A















x : (v) x v



x : (v) x v

x : (z) = tell(x = z) ‖ unless (x) next x : (z)



x : (v) x v

x : (z) = tell(x = z) ‖ unless (x) next x : (z)

exchf(x, y) y := x x := f(x)



x : (v) x v

x : (z) = tell(x = z) ‖ unless (x) next x : (z)

exchf(x, y) y := x x := f(x)

exchf(x, y) =
P

v when (x = v) do ( tell( (x)) ‖ tell( (y))
‖ next(x : f(v) ‖ y : (v)) )



x : (v) x v

x : (z) = tell(x = z) ‖ unless (x) next x : (z)

exchf(x, y) y := x x := f(x)

exchf(x, y) =
P

v when (x = v) do ( tell( (x)) ‖ tell( (y))
‖ next(x : f(v) ‖ y : (v)) )

x : (3) ‖ y : (5) ‖ exch7(x, y)



x : (v) x v

x : (z) = tell(x = z) ‖ unless (x) next x : (z)

exchf(x, y) y := x x := f(x)

exchf(x, y) =
P

v when (x = v) do ( tell( (x)) ‖ tell( (y))
‖ next(x : f(v) ‖ y : (v)) )

x : (3) ‖ y : (5) ‖ exch7(x, y) .====⇒ x : (7) ‖ y : (3)



exchf(x, y) ! (x = v) ⇒ ◦(x = f(v) ∧ y = v)



exchf(x, y) ! (x = v) ⇒ ◦(x = f(v) ∧ y = v)

∀w ∈ D

x : (g(w)) ) x = g(w)
Pr .1

y : (w) ) y = w
Pr .1

x : (g(w)) ‖ y : (w) ) x = g(w) ∧̇ y = w

next (x : (g(w)) ‖ y : (w)) ) ◦(x = g(w) ∧̇ y = w)

tell( (x)) ‖ tell( (y)) ‖ next(x : f(w) ‖ y : (w)) ) ◦(x = g(w) ∧̇ y = w)
Lem.(3)

exchf(x, y) )
Ẇ

w∈D
(x = w ∧̇◦(x = g(w) ∧̇ y = w)) ∨̇

V̇

w∈D
¬̇x = w

exchf(x, y) )
V̇

w∈D
(x = w ⇒̇◦(x = g(w) ∧̇ y = w))

exchf(x, y) ) (x = v ⇒̇◦(x = g(v) ∧̇ y = v))





GoForward = exch(act1 , act2 ) ‖ tell( )

GoRight = exch(act1 , act2 ) ‖ tell( )

GoLeft = exch(act1 , act2 ) ‖ tell( )

Zigzag = ( when (act1 -= ) do GoForward
+ when (act2 -= ) do GoRight
+ when (act2 -= ) do GoLeft )
‖ next Zigzag

StartZigzag = act1 : (0) ‖ act2 : (0) ‖ Zigzag



GoForward = exch(act1 , act2 ) ‖ tell( )

GoRight = exch(act1 , act2 ) ‖ tell( )

GoLeft = exch(act1 , act2 ) ‖ tell( )

Zigzag = ( when (act1 -= ) do GoForward
+ when (act2 -= ) do GoRight
+ when (act2 -= ) do GoLeft )
‖ next Zigzag

StartZigzag = act1 : (0) ‖ act2 : (0) ‖ Zigzag

) !(♦ ∧ ♦ )





" M1, . . . ,Mm Mi

pi

"

"

"



Mi =
P

(j,k,l)∈perm(pi)
( Play i

(j,k,l) ‖ nextj+k+l( flag i := 1 ‖
whenever (go = 1) do
![0, ]Mi ) )

Play i
(j,k,l) = ![0,j−1]tell(notei = ) ‖ nextjtell(ci[notei])

‖ ![j+1,j+k−1]tell(notei = ) ‖ nextj+ktell(ci[notei])
‖ ![j+k+1,j+k+l−1]tell(notei = ) ‖ nextj+k+ltell(ci[notei])

C = !(when
V

i∈[1,m](flag i = 1) ∧ (stop = 0) do
(tell(go = 1) ‖

Q
i∈[1,m] flag i := 0))

‖ next whenever
V

i∈[1,m](notei -= ) do stop := 1



Init =
∏

i∈[1,m](tell(ci[notei]) ‖ flag i : 0) ‖ stop : 0

Sys = Init ‖ C ‖
∏

i∈[1,m] Mi

"

Sys ! ♦stop = 1.

"

Sys -! !stop = 0.
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•

•
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•

•

•

•
•



P = P1
(c1,c′1)====⇒ P2

(c2,c′2)====⇒ P3
(c3,c′3)====⇒ . . .

P
(α,α′)

====⇒ω α = c1.c2 . . . α′ = c′1.c
′
2 . . .

io(P ) = {(α,α′) |P (α,α′)
====⇒ω}

o(P ) = {α′ |P ( ω,α′)
====⇒ ω}

sp(P ) = {α′ |P ( ,α′)
====⇒ω}



l ∈ {o, io, sp} P ∼l Q l(P ) = l(Q)

∼io ∼o ≈io ≈o

≈io =≈o ⊂∼io ⊂∼o



P, Q ∼ ∈ {≈o,∼io,∼sp} C(P,Q)
∼ [.]

P ∼ Q C(P,Q)
∼ [P ] ∼o C(P,Q)

∼ [Q]

•

∼io,∼sp,≈o ≈io ∼o

•

P



P

P
BP o(P )

≈o,≈io,∼io ∼sp





•
•
•



•
A(x1, . . . , xn) = P fv(P ) ⊆ {x1, . . . , xn}

•
A P A(x1, . . . , xn)

•
A = P

•
A = P



∼io

(PCP)

 (Buchi Autom.)
ntcc[Rec, Ident. Par.]

UNDECIDABLE

DECIDABLE
ntcc[Rec,No Par, Static Scope]

ntcc[Replication]

ntcc[Rec, No Par., Dyn. Scope]ntcc[Rec]

−−% : .
−−": .

•

•















•

•

•

•



when a do next
when b do next tell(d)
+

when c do next tell(e)
| {z }

,
when a do next when b do next tell(d)
+

when a do next when c do next tell(e)
| {z }

P Q

a, b, c, d e

• o(P ) = o(Q) = { ω}

• io(P ) -= io(Q) α = a.c. ω (α, α) ∈ io(Q) (α, α) -∈ io(P )

• sp(P ) -= sp(Q) α = a.c. ω α ∈ sp(Q) α -∈ sp(P )


